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Abstract
Main Theorem: Let C be an infinite-dimensional convex set in a Fréchet space. If C has an almost
internal point, then for every compact subset K of the completion C such that K ∩ C =K ∩ aff(C)
the pair (C,C) is strongly (K,K ∩C)-universal and the space C is strongly K ∩C-universal.
Ten corollaries are derived from this theorem. Among them there are (1) conditions under which
two convex sets with almost internal points are homeomorphic, (2) conditions under which a convex
set with an almost internal point is homeomorphic to a convex set in l2, (3) a characterization of
convex sets with almost internal points, homeomorphic to Σ , (4) a characterization of ∞-convex
sets homeomorphic to Σω. Ó 2001 Elsevier Science B.V. All rights reserved.
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The first cornerstone in topological study of infinite-dimensional convex sets in linear
topological spaces was laid in 1931 by Keller [16] who proved that every infinite-
dimensional convex compact subset in a Hilbert space is homeomorphic to the Hilbert
cube Q = [−1,1]ω. Later Klee [17] extended this result to locally compact convex sets
and proved that every closed convex locally compact subset of a Fréchet (= locally
convex complete linear metric) space is homeomorphic to [0,1]n × (0,1)m × [0,1)p for
some 0 6 n 6∞, 0 6 m <∞, 0 6 p 6 1. Finally, Dobrowolski and Torun´czyk [14]
proving that every closed convex non-locally compact subset of a separable Fréchet space
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is homeomorphic to s = (−1,1)ω, the pseudo-interior of the Hilbert cube, completed a
topological classification of closed convex sets in separable Fréchet spaces: any such a set
is homeomorphic to [0,1]n× (0,1)m× [0,1)p for some 06 n,m6∞, 06 p 6 1.
The problem of topological classification of incomplete convex sets (even closed convex
sets in pre-Hilbert spaces) is much more difficult and seems to be far from being resolved.
There are however several deep results on convex sets homeomorphic to some model
spaces of infinite-dimensional topology such as σ , Σ , σ × s, Λα , Ωα , Πn, Q\Λα , Q\Ωα ,
Q\Πn, see [8–11,3, §5.3].
All these results were proved by the technique of (co)absorbing spaces. Absorbing
spaces appeared to be extremely important and helpful in applications because of the
following their feature: the topological type of an absorbing space X depends only on
the homotopy type of X and the class F0(X) of spaces homeomorphic to closed subsets of
X, see [7] or [3, §1.6]. The same property concerns coabsorbing spaces introduced in [3,
§1.6].
Generalizing results of Dobrowolski [10], Cauty and the author have obtained the
following classification result [2]: two linear subspaces E1, E2 of a locally convex σ -
compact linear metric space are homeomorphic if and only if F0(E1) = F0(E2). In this
paper we extend this classification onto convex sets possessing an almost internal point.
On this base we prove that every σ -compact convex set with an almost internal point
is homeomorphic to a convex set in l2 what gives a partial answer to a question of
Bessaga and Dobrowolski in [4]. Also we characterize convex sets with an almost internal
point, homeomorphic to Σ , the radial interior of the Hilbert cube. This partially answers
Question 5.6 from [12].
Let us recall that a point x0 of a convex set C in a linear topological space is called
almost internal if the set A= {a ∈C: ∃ε > 0 with x0− ε(a−x0) ∈C} is dense in C (if the
set A coincides with C, then x0 is called an internal point of C), see Definition 4.2 in [5,
p. 160]. In particular, for any convex symmetric subset C in a Fréchet space the origin is an
internal point for C. Yet there are convex sets with no almost internal point, for example,
the set l2+ = {(xi) ∈ l2 | xi > 0 and almost all xi = 0}.
The principal ingredient in our considerations is verifying the strong universal property
for convex sets possessing almost internal points. Let us recall some definitions. All spaces
considered in the paper are metrizable and separable, all maps are continuous. Let U
be an open cover of a space X. Two maps f,g :Y → X are called U -near (denoted by
(f, g) ≺ U ) if for every y ∈ Y there exists U ∈ U with f (y), g(y) ∈ U . A subset A of a
space X is called a Z-set in X if A is closed in X and every map f :Q→X of the Hilbert
cube can be uniformly approximated by maps whose ranges miss the set A. An embedding
f :A→X is called a Z-embedding, provided f (A) is a Z-set in X.
Writing a pair (X,Y ) we always assume that Y ⊂ X. A pair (X,Y ) is defined to be
strongly (K,C)-universal, where (K,C) is a pair of spaces, if for every open cover U of
X, every closed subset B ⊂K and every map f :K→X whose restriction f |B :B→X
is a Z-embedding with f−1(Y )∩B = B ∩C, there exists a Z-embedding f¯ :K→X such
that f¯ |B = f |B , f¯−1(Y )= C and f¯ is U -near to f .
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A pair (X,Y ) is called strongly EC-universal, where EC is a class of pairs, if (X,Y ) is
strongly (K,C)-universal for every pair (K,C) ∈ EC.
A space X is called strongly C-universal, where C is a space, if the pair (X,∅) is
strongly (C,∅)-universal. A space X is strongly C-universal, where C is a class of spaces,
if X is strongly C-universal for every space C ∈ C .
Under a convex set we understand a convex set in a separable Fréchet space. For a convex
set C in a Fréchet space F aff(C) denotes the affine hull of C and C is the closure of C
in F .
The following theorem generalizes [2, Lemma 2.3] (see also [10, Lemma 4.3]) onto
convex sets possessing almost internal points.
Main Theorem. For every infinite-dimensional convex set C with an almost internal point
and every compact subset K ⊂ C with K ∩ C = K ∩ aff(C) the pair (C,C) is strongly
(K,K ∩C)-universal and the space C is strongly K ∩C-universal.
We postpone the proof of Main Theorem because of its technical and complex character.
Now we derive ten corollaries from this theorem.
Recall that for a space X by F0(X) the class of spaces homeomorphic to closed
subspaces of X is denoted. For a pair (X,Y ) let F0(X,Y ) be the class of pairs
homeomorphic to pairs of the form (K,K ∩ Y ), where K is a closed subset in X. In light
of Main Theorem the following classes appear naturally: for a convex set C in a Fréchet
space F let Fctb(C) be the class of spaces homeomorphic to totally bounded (in the natural
uniform structure of F ) subsets of C, closed in aff(C); let also Fctb(C,C) be the class of
pairs homeomorphic to pairs of the form (K,K ∩ C), where K is a compact subset of C
with K ∩ C = K ∩ aff(C). The following corollary actually is a reformulation of Main
Theorem.
Corollary 1. For an infinite-dimensional convex set C with an almost internal point
the space C is strongly Fctb(C)-universal and the pair (C,C) is strongly Fctb(C,C)-
universal.
Proof. The strong Fctb(C,C)-universality of the pair (C,C) is a direct consequence of
Main Theorem. To prove the strong Fctb(C)-universality of C, fix a space A ∈ Fctb(C).
Without loss of generality, A is a totally bounded subset of C, closed in aff(C). Let A
be the closure of A in C. Since A is totally bounded, A is compact. Because A is closed
in aff(C), we get A ∩ aff(C) = A. Then A ∩ C ⊂ A ∩ aff(C) = A ⊂ A ∩ C and thus
A ∩ C = A ∩ aff(C) = A. By Main Theorem, the space C is strongly A ∩ C-universal.
Since A∩C =A, we are done. 2
To state the following corollaries we need to recall the definition of an absorbing space.
First, we recall the concept of a strong Z-set, see [7] or [3, §1.4]. A subset A of a space
X is defined to be a strong Z-set in X if A is closed in X and for every open cover U of
X there exists a map f :X→X such that (f, id)≺ U and ClX(f (X))∩A= ∅. Evidently,
244 T. Banakh / Topology and its Applications 111 (2001) 241–263
every strong Z-set is a Z-set, but the converse is not true, see [6]. However, if C is a convex
set in a Fréchet space, then every Z-set in C is a strong Z-set, see [12, p. 418].
Let C be a class of spaces. Denote by σC the class of spaces C that can be expressed as
a countable union C =⋃∞n=1Cn, where each Cn is closed in C and Cn ∈ C .
A space X is defined to be C-absorbing if
(1) X is an ANR;
(2) X ∈ σC;
(3) X is a countable union of strong Z-sets in X;
(4) X is strongly C-universal.
Absorbing spaces have many remarkable features, in particular, they are topologically
homogeneous [7, 3.2], but the principal their property is described by
Uniqueness Theorem for Absorbing Spaces [3, 1.6.3]. Two C-absorbing spaces are
homeomorphic if and only if they are homotopically equivalent.
A subset A of a space X is called a σZ-set in X if A is a countable union of Z-sets in
X. A space X is defined to be a σZ-space if X is a σZ-set in X. Since each convex set in a
Fréchet space is an absolute retract [5] and each Z-set in a convex set is a strong Z-set, we
have that a convex set C is a C-absorbing space provided the three conditions are satisfied:
(i) C ∈ σC ,
(ii) C is a σZ-space, and
(iii) C is a strongly C-universal space.
This observation and Corollary 1 imply
Corollary 2. A convex set C with an almost internal point is an Fctb(C)-absorbing space,
provided C ∈ σFctb(C) and C is a σZ-space. In particular, under these conditions, C is
topologically homogeneous.
Recall that a space X is topologically homogeneous if for every two points x, y ∈ X
there exists an autohomeomorphism h of X with h(x)= y .
Corollary 3. Two convex setsC1,C2 possessing almost internal points are homeomorphic,
provided C1 ∈ σFctb(C2), C2 ∈ σFctb(C1), and both C1, C2 are σZ-spaces.
Proof. Suppose C1 ∈ σFctb(C2) and C2 ∈ σFctb(C1) are σZ-spaces. It follows that
C1,C2 ∈ σFctb(C1)= σFctb(C2). By Corollary 2, Ci is an Fctb(Ci)-absorbing space for
i = 1,2. By [7, 2.3] (see also [3, 1.5.8]) Ci is a σFctb(Ci)-absorbing space for i = 1,2.
Since σFctb(C1)= σFctb(C2), by Uniqueness Theorem for Absorbing Spaces, the spaces
C1 and C2 are homeomorphic. 2
Next, we consider the topology of pairs (C,C), where C is a convex set. Let M =Q or
M = s. Under an M-manifold we understand a space X locally homeomorphic to M , that
is every point x ∈X has a neighborhoodU homeomorphic to an open set in M .
Let EC be a class of pairs. A pair (X,Y ) is defined to be EC-absorbing if
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(1) X is a Q-manifold or an s-manifold;
(2) (X,Y ) is a strongly EC-universal pair;
(3) Y ⊂⋃∞n=1Zn, where each Zn is a Z-set in X such that (Zn,Zn ∩ Y ) ∈ EC .
Like in case of absorbing spaces, we have
Uniqueness Theorem for Absorbing Pairs [3, 1.7.6]. Two EC-absorbing pairs (X,Y ) and
(X′, Y ′) are homeomorphic if and only if the manifolds X and X′ are homeomorphic.
Let us mention that according to [14], any closed convex set in a Fréchet space is
homeomorphic to [0,1]n × (0,1)m × [0,1)p for some 0 6 n,m6∞, 0 6 p 6 1. So, for
an infinite-dimensional convex set C the pair (C,C) is EC-absorbing if two last properties
from the definition of a EC-absorbing pair are satisfied.
A convex set C in a Fréchet space F is called σ -precompact if C lies in a σ -compact
set in F ; equivalently, if C is a countable union of totally bounded subsets.
Corollary 4. Let C be a σ -precompact convex set with an almost internal point. If C is
an Fσ -set in aff(C) and C is a σZ-space, then the space C is Fctb(C)-absorbing and the
pair (C,C) is Fctb(C,C)-absorbing.
Proof. Since C is a σ -precompact Fσ -set in aff(C), we may write C =⋃∞n=1Cn, where
each Cn is totally bounded and closed in aff(C). Hence Cn ∈ Fctb(C) for every n. Then
C ∈ σFctb(C) and by Corollary 2, C is an Fctb(C)-absorbing space.
To prove that the pair (C,C) is Fctb(C,C)-absorbing, first note that C, being a σZ-
space, is infinite-dimensional. Hence by [14], the completion C of C is a Q-manifold or
is homeomorphic to s. By Corollary 1, the pair (C,C) is strongly Fctb(C,C)-universal.
Since C is a σZ-space, we may choose the sets Cn so that each Cn is a Z-set in C. Then
for every n ∈N the closure Cn of Cn in C is a Z-set in C, see [3, §1.4, Ex.16]. It is easily
seen that (Cn,Cn)= (Cn,Cn ∩ aff(C)) ∈Fctb(C,C) for n ∈N. Thus the three conditions
of the definition of an Fctb(C,C)-absorbing pair are satisfied and (C,C) is an Fctb(C,C)-
absorbing pair. 2
Corollary 4 and Uniqueness Theorem for Absorbing Pairs imply
Corollary 5. SupposeC1,C2 are two σ -precompact convex sets such that for each i = 1,2
the set Ci has an almost internal point, Ci is an Fσ -set in aff(Ci), and Ci is a σZ-space.
The pairs (C1,C1) and (C2,C2) are homeomorphic, provided C1 is homeomorphic to C2
and Fctb(C1,C1)=Fctb(C2,C2).
Next, we characterize convex sets with almost internal points, homeomorphic to the
radial interior
Σ = {(xi)i∈ω: supi∈ω |xi|< 1}
of the Hilbert cube. The space Σ is known to be anM0-absorbing absolute retract, where
M0 is the class of all metrizable compact spaces. In [8] Curtis et al. have proven that
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a convex set C is homeomorphic to Σ , provided C is σ -compact, contains a Keller cube,
and satisfies the compact Z-set property. (A space X is said to satisfy the compact Z-set
property if every compact subset of X is a Z-set in X.) By [7, 1.8], every absorbing space
satisfies the compact Z-set property. A Keller cube is a convex set affinely homeomorphic
to an infinite-dimensional convex compact set in the Hilbert space l2. By Keller
Theorem [16], every Keller cube is a Hilbert cube, i.e., is a topological copy of the Hilbert
cube. In light of the mentioned result from [8], the question appears [12, Question 5.6]:
can a Keller cube in its statement be replaced by a Hilbert cube. We give a positive answer
to this question under the condition that the convex set C has an almost internal point.
Corollary 6. A convex set C with an almost internal point is homeomorphic to Σ if and
only if C is σ -compact, contains a Hilbert cube and satisfies the compact Z-set property.
Proof. The “only if” part is trivial. To prove the “if” part assume that the hypotheses
of the corollary hold. It follows that C is a σZ-space and hence, by Corollary 4, is an
Fctb(C)-absorbing space. Since C contains a Hilbert cube,M0 ⊂ Fctb(C). Then, by the
σ -compactness of C, C is an M0-absorbing absolute retract which by the Uniqueness
Theorem for Absorbing Spaces, is homeomorphic to Σ . 2
Our next corollaries concern so-called coabsorbing spaces. A subset A of a space X is
called ∞-dense if for every map f :Q→ X of the Hilbert cube and every open cover U
of X there exists a map g :Q→X such that (f, g)≺ U and g(Q)⊂A. (In fact, Z-sets are
closed subsets with∞-dense complements.)
A space X is defined to be∞-Baire if X contains an∞-dense absolute Gδ-subset.
The notion of an ∞-dense set is tightly connected with the concept of a homotopy
dense subset. A subset A of a space X is called homotopy dense (see [3, §1.3]) if there
exists a homotopy h :X × [0,1] → X such that h(X × (0,1]) ⊂ A and h(x,0) = x for
each x ∈X. Evidently, every homotopy dense subset is∞-dense. The converse is not true.
Nonetheless, it can be shown that ∞-dense absolute Gδ-sets in absolute neighborhood
retracts are homotopy dense (to prove this one should apply results of [21]). We will often
use the following fact [3, §1.2, Ex. 12,13]: any convex set C is homotopy dense in its
completion C.
A space X is defined to satisfy the strong discrete approximation property (briefly
SDAP) if for every open cover U of X and every map f :Q×N→X there exists a map
f¯ :Q×N→X such that f¯ is U -near to f and {f (Q× {n})}n∈N is a discrete collection in
X. The strong discrete approximation property characterizes s-manifolds among complete-
metrizable absolute neighborhood retracts [22] and plays an important role in infinite-
dimensional topology, see [3].
Let C be a class of spaces. A space X is defined to be C-coabsorbing if
(1) X is an ANR satisfying SDAP;
(2) every Z-set in X belongs to the class C;
(3) X is an∞-Baire space;
(4) X is strongly C-universal.
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Like C-absorbing spaces, C-coabsorbing spaces have many remarkable properties, in
particular, they are topologically homogeneous, see [3, §1.6, Ex. 4(d)]; also for them there
holds
Uniqueness Theorem for Coabsorbing Spaces [3, 1.6.3]. Two C-coabsorbing spaces are
homeomorphic if and only if they are homotopically equivalent.
Also, there is a notion of a EC-coabsorbing pair. A pair (X,Y ) is defined to be EC-
coabsorbing, where EC is a class of pairs, if the pair (X,X\Y ) is EC ′-absorbing for the class
EC ′ = {(K,C) | (K,K\C) ∈ EC}. Uniqueness Theorem for Absorbing Pairs implies
Uniqueness Theorem for Coabsorbing Pairs [3, 1.7.6]. Two EC-coabsorbing pairs (X,Y )
and (X′, Y ′) are homeomorphic if and only if the manifolds X and X′ are homeomorphic.
When is a convex set a coabsorbing space?
Corollary 7. LetC be a totally bounded non-compact convex set such thatC has an almost
internal point and C is closed in aff(C). If C is an ∞-Baire space, then C is an F0(C)-
coabsorbing space and (C,C) is anF0(C,C)-coabsorbing pair. In particular, under these
conditions, the space C is topologically homogeneous.
Proof. Since C is totally bounded, non-compact and closed in aff(C), we get C is infinite-
dimensional, C is compact, and C 6⊂ aff(C). By Keller Theorem [16], C is homeomorphic
to the Hilbert cubeQ. SinceC 6⊂ aff(C), the spaceC satisfies SDAP according to [3, 5.2.6].
Observe that Fctb(C) = F0(C) and Fctb(C,C) = F0(C,C). Hence, by Corollary 1, the
space C is strongly F0(C)-universal and the pair (C,C) is strongly F0(C,C)-universal.
If C is an∞-Baire space, then it follows that C is an F0(C)-coabsorbing space. To show
that the pair (C,C) is F0(C,C)-coabsorbing, it suffices to verify that C\C lies in a σZ-set
in C. Let G be an ∞-dense absolute Gδ-set in C. Since C is ∞-dense in C, we get that
C\G is a σZ-set in C containing C\C. Finally, C, being an F0(C)-coabsorbing space, is
topologically homogeneous. 2
Corollary 8. Suppose C1, C2 are totally bounded convex sets such that for each i = 1,2
Ci has an almost internal point, Ci is closed in aff(Ci), and Ci is an∞-Baire space. Then
(1) the spaces C1, C2 are homeomorphic if and only if F0(C1)=F0(C2);
(2) the pairs (C1,C1), (C2,C2) are homeomorphic if and only if F0(C1,C1) =
F0(C2,C2).
Proof. The “only if” parts are trivial. To prove the “if” part consider separately two cases:
(1) one of the spaces C1, C2 is compact and
(2) both C1 and C2 are not compact.
In the first case the equality F0(C1) = F0(C2) or F0(C1,C1) = F0(C2,C2) implies
that both C1 and C2 are compact. Then according to Keller Theorem [16] for i = 1,2 the
convex set Ci is homeomorphic to a finite- or infinite-dimensional cube [0,1]ni for some
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0 6 ni 6∞. Because F0([0,1]n1) = F0(C1) = F0(C2) = F0([0,1]n2), we get n1 = n2
and thus C1 is homeomorphic to C2.
In the second case the space Ci is F0(Ci)-coabsorbing and the pair (Ci,Ci) is
F0(Ci,Ci)-coabsorbing for i = 1,2. By Uniqueness Theorem for Coabsorbing Spaces,
the spaces C1, C2 are homeomorphic, provided F0(C1) = F0(C2). Now suppose
F0(C1,C1) = F0(C2,C2). Note that the sets Ci , being totally bounded, non-compact,
and closed in aff(Ci), are infinite-dimensional. Then the closures Ci of Ci are infinite-
dimensional convex compact sets, homeomorphic to the Hilbert cubeQ according to Keller
Theorem [16]. Thus we may apply Uniqueness Theorem for Coabsorbing Pairs to conclude
that the pairs (C1,C1) and (C2,C2) are homeomorphic. 2
The following corollary is connected with Question LS9 of [23]: Is every convex
subset of a Fréchet space homeomorphic to a convex set in a Hilbert space? Due to
Marciszewski [19] we know that this general problem has a negative solution: the Banach
space l1 contains a linear subspace in l1 homeomorphic to no convex subset in l2. On
the other hand, by [2], every locally convex σ -precompact linear metric space L is
homeomorphic to a pre-Hilbert space. The case of σ -compact L was considered earlier
by Bessaga and Dobrowolski in [4]. We adopt their technique to prove our next
Corollary 9. A σ -precompact convex set C (of a Banach space) is homeomorphic to a
convex set in l2, provided C has an (almost) internal point and C is an Fσ -set in aff(C).
Proof. Suppose a convex subset C of a Fréchet (Banach) space F satisfies the hypotheses.
Without loss of generality the origin is an (almost) internal point of C. Using the σ -
precompactness of C find a σ -compact linear subspace L ⊂ F containing C. Let C be
the closure of C in F . In case of locally compact C, by [4, 1.1], there exists an affine
embedding f :C→ l2. Then C is (affinely) homeomorphic to the convex set f (C) ⊂ l2
and the proof is complete. So assume that C is not locally compact. In this case, by [14],
C has SDAP and consequently, C satisfies the compact Z-set property, see [7, 1.8].
Since L is σ -compact and C is an Fσ -set in aff(C) = span(C), we may write L =⋃
n∈NAn and C =
⋃
n∈NCn, where each An ⊂ An+1 is compact and each Cn ⊂ An is
closed in span(C). Let A = {an}∞n=1 ⊂ C be a countable set in C such that A ∩ Cn is
dense in Cn for every n. Using the homotopical density of C in C and the compact Z-
set property of C, for every n ∈ N construct a map αn : conv{a1, . . . , an} × [0,1] → C
such that αn(a,0) = a and αn(a, t) /∈ An for every a ∈ conv{a1, . . . , an}, t ∈ (0,1]. Let
Bn = αn(conv{a1, . . . , an} × [0,1])⊂ C for n ∈N.
Let (fn)∞n=1 be a sequence of linear continuous functionals on L separating points of
L. Multiplying each fn by a suitable constant, we may assume that |fn(x)|< 2−n for any
x ∈ An ∪⋃i6n Bn. If F is a Banach space, then we choose fn’s so that ‖fn‖ < 2−n for
every n.
Then the function f = (fn)∞n=1 :L → l2 assigning to each x ∈ L the sequence
(fn(x))
∞
n=1 ∈ l2 is well-defined, injective, linear, and continuous on the setsAn,Bn, n ∈N.
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Moreover, the map f is continuous, provided F is a Banach space. This yields that f (C)
is a convex set in l2.
We claim that the convex sets C and f (C) are homeomorphic. To show this we will
apply Corollary 3.
First, we verify that the origin is an almost internal point for the set f (C). Evidently,
this is so if the origin of F is an internal point for the set C. Next, consider the case of
when the origin of F is merely an almost internal point for C, but the space F is Banach.
It follows that the set D = {x ∈ C: ∃ε > 0 such that −εx ∈ C} is dense in C and by the
continuity of f , its image f (D) is dense in f (C) which implies that the origin of l2 is an
almost internal point for the set f (C).
Next, we verify that both C and f (C) are σZ-spaces.
Clearly, C =⋃n∈NCn and each Cn ∈ C is closed in C. To see that each Cn is a Z-set
in C, observe that Cn ⊂An and An ∩C is a Z-set in C. Since C is homotopy dense in C,
Cn ⊂An ∩C is a Z-set in C, see [3, §1.4, Ex. 16]. Hence C is a σZ-space.
Now we inspect the space f (C). First observe that for every n the restriction
f |An :An→ f (An) is a homeomorphism. This implies f (Cn) is homeomorphic to Cn,
and f (Cn) is compact. Since f (Cn) = f (C) ∩ f (Cn), we get f (Cn) is closed in f (C).
Let us show that f (Cn) is a Z-set in f (C). For this fix an ε > 0 and a map g :Q→ f (C).
Since A ∩ Cm is dense in Cm and f |Cm is continuous for ever every m, we get that
f (A) is dense in f (C). By the standard argument (see, e.g., [8, 3.2]), construct a map
g′ :Q→ f (C) such that dist(g, g′) < 12ε and g′(Q) ⊂ conv{f (a1), . . . , f (am)} for some
m> n. Since f is continuous on the set Bm, we may choose t0 > 0 so small that the map
g¯ :Q→ C defined by g¯(x)= f ◦ αm(f−1 ◦ g′(x), t0), x ∈Q, is 12ε-close to the map g′.
Then g¯ is ε-close to g and g¯(Q) ∩ f (Cn)⊂ g¯(Q) ∩ f (An)= ∅, i.e., f (Cn) is a Z-set in
f (C). Thus f (C)=⋃∞n=1 f (Cn) is a σZ-space.
It is easily seen that C = ⋃∞n=1Cn ∈ σFctb(f (C)) and f (C) = ⋃∞n=1 f (Cn) ∈
σFctb(C). Then by Corollary 3, the convex sets C and f (C) are homeomorphic. 2
Finally, we apply the obtained results to investigating the topology of ∞-convex sets.
A subset C of a Fréchet space F is defined to be∞-convex if for every bounded sequence
(cn)
∞
n=1 ⊂ C and every number sequence (tn)∞n=1 ⊂ [0,1] with
∑∞
n=1 tn = 1 the sum c∞ of
the series
∑∞
n=1 tncn belongs to C. Many examples of∞-convex sets appear in “nature”:
such are some function spaces, spaces of probability measures, bounded closed convex
subsets of Banach spaces, retopologized by weaker topologies.
Corollary 10. Let C be a convex set containing a dense ∞-convex subset. If C is an
absolute Fσδ-set and C ∩ aff(C) is a σZ-space, then C is homeomorphic to Σω .
Proof. The space Σω is known to beM2-absorbing, whereM2 is the class of absolute
Fσδ-spaces. Suppose C ∈M2 and C ∩ aff(C) is a σZ-space. According to Uniqueness
Theorem for Absorbing Spaces, to prove the corollary it suffices to verify that C is an
M2-absorbing absolute retract. By Dugundji Theorem, C is an AR. Since C is homotopy
dense subset in a σZ-space C ∩ aff(C), we get C is a σZ-space too, see [3, §1.4, Ex. 16].
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Because each Z-set in any convex set is a strong Z-set, we get C is a countable union of
strong Z-sets. So, it rests to show that the space C is stronglyM2-universal.
First we prove that the convex set C has an almost internal point. Let C∞ be a dense
∞-convex subset in C and {cn | n ∈ N} be a countable dense subset in C∞. Without loss
of generality, the origin belongs to the set C∞. Choose a sequence (εn)∞n=1 ⊂ (0,1) so
that the sequence (εncn)∞n=1 is bounded. Since C∞ is ∞-convex and 0 ∈ C∞, the point
c∞ =∑∞n=1(εn/2n)cn belongs to the set C∞. Similarly as in the proof of Corollary 4.1
of [5, V.§4] it can be verified that c∞ is an almost internal point for C.
Translating the set C, if necessary, we may assume that the origin belongs to C∞
and is an almost internal point for C. According to Main Theorem, the strong M2-
universality of C will be proven as soon as we construct a compactum K ⊂ C such that
K ∩ span(C)=K ∩C is homeomorphic to Σω .
First we construct a map f :Qω → C such that f (Σω) = f (Qω) ∩ C∞ = f (Qω) ∩
span(C). Using [18, §30.V], write Qω\Σω =⋃∞n=1Gn, where Gn are pairwise disjoint
Gδ-sets in Qω . Since C∞ is homotopy dense in C and C ∩ span(C) is a σZ-space, we
may apply [13, 5.4] to find for every n> 1 a map fn :Qω→ C such that fn(Qω\Gn) =
fn(Q
ω) ∩ C∞ = fn(Qω) ∩ span(C). Multiplying each fn by a suitable constant, we may
assume that diam(fn(Qω)∪ {0}) < 2−n. Then the map f :Qω→C defined for an x ∈Qω
by
f (x)=
∞∑
n=1
2−nfn(x)
is well-defined and continuous.
We claim that f (Σω) = f (Qω) ∩ C∞ = f (Qω) ∩ span(C). Indeed, if x ∈ Σω , then
x /∈Gn for all n, and by the choice of the maps fn, we get fn(x) ∈ C∞ for all n. Since
the set C∞ is ∞-convex, it follows that f (x) =∑∞n=1 2−nfn(x) ∈ C. Now assume that
x ∈Qω\Σω . Then there is a unique n0 ∈ N such that x ∈Gn0 and x /∈Gn for all n 6= n0.
By the choice of the maps fn’s, we get fn0(x) /∈ span(C) and fn(x) ∈ C∞ if n 6= n0. Then
f (x) =
∞∑
n=1
2−nfn(x)
= 2−n0fn0(x)+
∑
n6=n0
2−nfn(x)
= 2−n0fn0(x)+ (1− 2−n0)
∑
n6=n0
2−n
1− 2−n0 fn(x).
The point
c0 =
∑
n6=n0
2−n
1− 2−n0 fn(x),
being a∞-convex combination of points fn(x), n 6= n0, of the∞-convex set C∞, belongs
to C∞ ⊂ C. Since fn0(x) /∈ span(C), it follows that
f (x)= 2−n0fn0(x)+ (1− 2−n0)c0 /∈ span(C).
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Now consider the pair (f (Qω),f (Σω)) and notice that f−1 ◦ f (Σω) = Σω . Ac-
cording to the terminology of [3], the pair (f (Qω),f (Σω)) is (M0,M2)-preuniversal.
By [3, 3.2.11] this pair is (M0,M2)-universal. Hence there exists a compact subset
K ⊂ f (Qω) such that K ∩ f (Σω) is homeomorphic to Σω . Since f (Qω) ∩ span(C) =
f (Qω)∩C∞ = f (Σω), we getK∩span(C)=K∩C =K ∩f (Σω). ThusK is a required
compact subset of C such that K ∩ span(C)=K ∩C is homeomorphic to Σω . 2
Proof of Main Theorem
To prove Main Theorem, we reduce the problem to considering the particular case when
C is a precompact subset of Rω , the countable product of lines, such that C · [1,∞)⊃Rωf ,
where
Rωf =
{
(xi)i∈ω ∈Rω: almost all xi = 0
}
.
The set Rωf can be viewed as the countable union R
ω
f =
⋃
n∈NRn, where each Rn is
identified with the subset {(xi)i∈ω ∈ Rω: xi = 0 for i > n}. By prn :Rω→ Rn we denote
the projection onto the first n coordinates.
On Rω we consider the F -norm
‖x‖ =max
i∈ω 2
−i min
{|xi |,1} for x = (xi)i∈ω ∈Rω.
Without a special reference we will use the following obvious properties of this F -norm:
• ‖prn(x)‖6 ‖x‖ for any x ∈Rω;
• ‖x − prn(x)‖6 2−n for any x ∈Rω;
• ‖tx + (1− t)y‖6max{‖x‖,‖y‖} for any x, y ∈Rω, t ∈ [0,1].
For a function f :X→Rω we set ‖f ‖ = supx∈X ‖f (x)‖.
For points a, b ∈ Rω by [a, b] = {ta + (1− t)b: t ∈ [0,1]} ⊂ Rω we denote the closed
strait-line segment connecting the points a and b in Rω . Our notations are standard: Cl(A)
or A stand for the closure of a subset A in a space X, Int(A) is the interior of A in X.
Definition. A homeomorphism h :Rω → Rω is called rigid if for every precompact
convex set C ⊂Rω with C · [1,∞)⊃Rωf there is n ∈N such that h(C)∪ h−1(C)⊂ nC.
We are interested in rigid homeomorphisms of Rω because of the following their
property.
Lemma 1. If h :Rω→ Rω is a rigid homeomorphism, then h(E) = E for every linear
subset E, Rωf ⊂E ⊂Rω .
Proof. Fix any x ∈ E and let (ei)∞i=1 be a bounded Hamel basis for Rωf . Then C =
conv{x,± 1
i
ei : i ∈N} is a convex precompact subset of Rω with C · [1,∞)⊃Rωf . Because
the homeomorphism h is rigid, h(C) ∪ h−1(C)⊂ nC for some n ∈N. Since nC ⊂ E, we
get h(x),h−1(x) ∈E. Consequently, h(E)=E. 2
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Observe that the set of all rigid homeomorphisms forms a subgroup in the group of all
homeomorphisms of Rω . The following lemma shows that this subgroup is sufficiently
rich.
Lemma 2. Suppose n ∈ N, h :Rn→ Rn is a homeomorphism and α :Rn→ (0,∞) is a
continuous function. Then the map H :Rω→Rω defined by
H(x)= h ◦ prn(x)+ α ◦ prn(x)
(
x − prn(x)
)
, x ∈Rω,
is a rigid homeomorphism of Rω.
Proof. Observe that the inverse map H−1 to H acts as
H−1(x)= h−1 ◦ prn(x)+
1
α ◦ h−1 ◦ prn(x)
(
x − prn(x)
)
, x ∈Rω.
Fix any precompact convex set C ⊂ Rω with C · [1,∞) ⊃ Rωf . Remark that the last
condition implies that C ∩Rn is a convex neighborhood of the origin in Rn. Consequently,
C0 =−C ∩C ∩Rn is a neighborhood of the origin in Rn too. Since the closure C of C in
Rω is compact, there is m ∈N such that
prn(C)∪ h ◦ prn(C)∪ h−1 ◦ prn(C)⊂mC0 ⊂m(−C ∩C) and
α ◦ prn(C)∪ α ◦ h−1 ◦ prn(C)⊂
[ 1
m
,m
]
.
Then
H(C) ⊂ h ◦ prn(C)+ α ◦ prn(C)
(
C − prn(C)
)
⊂ mC +m(C −m(−C))=m(m+ 2)C.
Analogously it can be shown that H−1(C) ⊂m(m+ 2)C. Thus H is a rigid homeomor-
phism of Rω . 2
Now we show that every map between compact subsets of Rω can be approximated by
embeddings that extend to rigid homeomorphisms of Rω .
Let U be an open cover of a space X. A homotopy h :Y × [0,1] → X is called a U -
homotopy if for every y ∈ Y there exists U ∈ U with h({y} × [0,1]) ⊂ U . Two maps
f,g :Y →X are called U -homotopic if they can be linked by a U -homotopy.
We will need the following lemma from [3, 5.4.9].
Lemma 3. Let n ∈ N, U be an open set in R4n, and U be an open cover of R4n. If
K ⊂U ∩Rn−1 is a compact subset and h :K × [0,1]→ U ∩Rn−1 is a U -homotopy such
that h0 = id|K and h1 is an embedding, then there is a homeomorphism H :R4n→ R4n
such that H |K = h1, H |R4n\U = id|R4n\U and H is U -homotopic to id.
In the proof of the following lemma we use the method of the proof of Lemma 1 of [11].
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Lemma 4. Let A be a compactum in Rω, B a compactum in Rk, k ∈N, and f :B→Rk
be a map such that (B ∪f (B))∩ prk(A)= ∅. Then there exists a rigid homeomorphismH
of Rω such that
(1) ‖H − id‖< ‖f − id|B‖+ 2−k;
(2) H |A = id|A;
(3) ‖H |B − f ‖< 2−(k+1).
Proof. Using the Embedding Theorem [15, 1.11.4], approximate the map f by an
embedding g :B→R2k+1 such that ‖f −g‖< 2−(k+1) and prk(g(B))∩prk(A)= ∅. Then
‖g − id|B‖< ‖f − id|B‖+ 2−(k+1).
Let U be the cover of Rm, wherem= 8k+12, by open balls of radius ‖f − id|B‖+2−k .
We claim that the maps g and id|B can be linked by a U -homotopy α in the set
R2k+2\pr2k+2(A). First, find any x0 ∈ pr−12k+1(0) ∩ R2k+2 such that (x0 + R2k+1) ∩
pr2k+2(A)= ∅. Then the homotopy α :B × [0,3]→R2k+2 defined by
αt (b)=

b+ tx0, t ∈ [0,1];
x0 + (2− t)b+ (t − 1)g(b), t ∈ [1,2];
g(b)+ (3− b)x0, t ∈ [2,3]
satisfies our requirements. Indeed, αt (b) /∈ pr2k+2(A) and∥∥b− αt (b)∥∥ 6 ∥∥b− g(b)∥∥+ ∥∥x0∥∥
<
∥∥b− f (b)∥∥+2−(k+1)+ 2−(2k+1)
<
∥∥b− f (b)∥∥+ 2−k,
i.e., α is a U -homotopy. By Lemma 3, there is a homeomorphism h :Rm→ Rm such that
h|prm(A) = id, h|B = g|B , and ‖h− id‖< ‖b − f (b)‖ + 2−k . Define the homeomorphism
H :Rω→Rω letting
H(x)= h ◦ prm(x)+
(
x − prm(x)
)
for x ∈Rω.
By Lemma 2, H is a rigid homeomorphism. Since h|prm(A) = id, we get H |A = id. Next,
for every b ∈ B ⊂ Rk ⊂ Rω we have H(b)= h ◦ prm(b)+ (b − prm(b))= h(b) = g(b).
Consequently, ‖H |B − f ‖ = ‖g − f ‖< 2−(k+1). Finally, for every x ∈Rω∥∥H(x)− x∥∥ = ∥∥h ◦ prm(x)+ x − prm(x)− x∥∥
6
∥∥h− id∥∥< ∥∥f − id|B∥∥+ 2−k. 2
The following lemma is a slight improvement of proposition of [11].
Lemma 5. Let B and A be disjoint compacta in Rω . Then, given a map f :B→Rω and
ε > 0, there exists a rigid homeomorphism h of Rω such that
(1) ‖h− id‖< ‖f − id|B‖ + ε;
(2) h|A = id|A;
(3) ‖h|B − f ‖< ε.
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Proof. Using the compact Z-set property of Rω, we first approximate f by a map
g :B→Rω such that g(B)∩A= ∅ and ‖g−f ‖< ε/8. By Urysohn Lemma, extend g to a
continuous map g¯ :Rω→Rω . Let ε′ = 116 min{ε,dist(A,B ∪ g(B))}. By the compactness
of B , there exists δ′ > 0 such that ‖g¯(b)− g¯(b′)‖< ε′ if b ∈ B , b′ ∈Rω, and ‖b−b′‖< δ′.
Let k ∈N be such that 1/2k <min{ε′, δ′}6 116ε.
Consider the set B ′ = prk(B) and the map f ′ = prk ◦ g¯|B ′ :B ′ → Rk . Observe that for
b ∈ B∥∥f ′ ◦ prk(b)− g(b)∥∥ 6 ∥∥prk ◦ g¯ ◦ prk(b)− prk ◦ g¯(b)∥∥+ ∥∥prk ◦g(b)− g(b)∥∥
6
∥∥g¯ ◦ prk(b)− g¯(b)∥∥+ 2−k 6 ε′ + 2−k < 2ε′.
This implies
(4)
∥∥f ′ ◦ prk |B − f ∥∥ 6 ∥∥f ′ ◦ prk |B − g∥∥+ ∥∥g− f ∥∥
< 2ε′ + ε
8
6 2 ε
16
+ ε
8
= ε
4
.
Next, for every b ∈B we have∥∥f ′ ◦ prk(b)− prk(b)∥∥ 6 ∥∥f ′ ◦ prk(b)− f (b)∥∥+ ∥∥f (b)− b∥∥+ ∥∥b− prk(b)∥∥
<
ε
4
+ ‖f − id|B‖+ 12k < ‖f − id|B‖+
ε
2
.
Consequently,
‖f ′ − id|B ′‖< ‖f − id|B‖+ ε2 .
To apply Lemma 4 to the map f ′ we must verify that (B ′ ∪ f ′(B ′))∩ prk(A)= ∅. Indeed,
for any b′ = prk(b) ∈B ′ and a ∈A we have∥∥b′ − prk(a)∥∥ > ∥∥b− a∥∥− ∥∥b− prk(b)∥∥− ∥∥a − prk(a)∥∥
>
∥∥b− a∥∥− 2
2k
> 16ε′ − 2ε′ = 14ε′ > 0
and ∥∥f ′(b′)− prk(a)∥∥ > ∥∥g(b)− a∥∥− ∥∥f ′ ◦ prk(b)− g(b)∥∥− ∥∥a − prk(a)∥∥
> 16ε′ − 2ε′ − 1
2k
> 13ε′ > 0.
Thus it is legal to apply Lemma 4 to find a rigid homeomorphism h1 of Rω such that
‖h1 − id‖< ‖f ′ − id|B ′ ‖ + 2−k, h1|A = id|A, ‖h1|B ′ − f ′‖< 2−k−1.
By the compactness of B , there is δ1 > 0 such that
(5)
∥∥h1(x)− h1(b′)∥∥< ε4 if x ∈Rω and b′ ∈B ′ are such that ‖x − b′‖< δ1.
By the continuity of the F -norm ‖·‖, we may find α0 ∈ (0,1] such that ‖α0(b−prk(b))‖<
δ1 for every b ∈ B . Let α :Rk→ [α0,1] be a continuous function such that α|B ′ = α0 and
α|prk(A) = 1. By Lemma 2, the map h2 :Rω→Rω defined by
h2(x)= prk(x)+ α ◦ prk(x)
(
x − prk(x)
)
, x ∈Rω,
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is a rigid homeomorphism. Evidently, h2|A = id. Observe that ‖h2(b)− prk(b)‖< δ1 for
every b ∈B and ‖h2(x)− x‖ = ‖(1− α ◦ prk(x))(x − prk(x))‖6 ‖x − prk(x)‖6 2−k .
Finally consider the composition h = h1 ◦ h2 :Rω → Rω. Evidently, h is a rigid
homeomorphism of Rω such that h|A = id, i.e., the second condition of Lemma 5 is
satisfied. Let us verify that h satisfies also the condition (1) and (3). Indeed, for every
b ∈ B ,∥∥h(b)− f (b)∥∥ 6 ∥∥h1 ◦ h2(b)− h1 ◦ prk(b)∥∥+ ∥∥h1 ◦ prk(b)− f ′ ◦ prk(b)∥∥
+∥∥f ′ ◦ prk(b)− f (b)∥∥.
Taking into account (5) and (4), we get∥∥h(b)− f (b)∥∥< ε
4
+ 1
2k+1
+ ε
4
< ε.
Next, for every x ∈Rω∥∥h(x)− x∥∥ 6 ∥∥h1 ◦ h2(x)− h2(x)∥∥+ ∥∥h2(x)− x∥∥
6
∥∥f ′ − id|B ′∥∥+ 12k + 12k
<
∥∥f − id|B∥∥+ ε2 + 2 ε16 < ∥∥f − id|B∥∥+ ε. 2
Lemma 6. Let f :K→Rω be a map of a compact subset K ⊂Rω . For every continuous
function ε :K→[0,1] there is a map f¯ :K→Rω such that
(1) ‖f¯ (x)− f (x)‖6 ε(x) for every x ∈K;
(2) for every compact subset B ⊂ ε−1(0,1] there is a rigid homeomorphism h of Rω
such that f¯ |B = h|B .
Proof. Let Kn = {x ∈K: ε(x)> 2−n} for n ∈N. Evidently,Kn ⊂ IntKn+1 for every n.
By induction, we shall construct a sequence of rigid homeomorphisms {hn}n∈N of Rω
such that
hn|Kn−1 = hn−1|Kn−1,
(3n) ‖hn − hn−1‖< 2−n,∥∥hn(x)− f (x)∥∥< 2−n−2 for every x ∈K\ IntKn.
Let h1 be any rigid homeomorphism ofRω such that ‖h1|K−f ‖< 18 (it exists according to
Lemma 5). Suppose that the rigid homeomorphisms h1, . . . , hn−1 have been constructed.
Consider the disjoint compacta A = hn−1(Kn−1), B = hn−1(K\ IntKn) and the map
f ◦ h−1n−1|B :B → Rω . Observe that for every b = hn−1(x) ∈ B , where x ∈ K\ IntKn,
we have∥∥f ◦ h−1n−1(b)− b∥∥= ∥∥f (x)− hn−1(x)∥∥< 12n+1 .
Thus ‖f ◦ h−1n−1|B − id‖< 1/2n+1. By Lemma 5, there is a rigid homeomorphism h of Rω
such that
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h|A = id|A,
‖h− id‖< ∥∥f ◦ h−1n−1|B − id|B∥∥+ 12n+2
<
1
2n+1
+ 1
2n+2
<
1
2n
,∥∥h|B − f ◦ h−1n−1|B∥∥< 12n+2 .
It is easy to see that the rigid homeomorphismhn = h◦ hn−1 satisfies the properties (3n).
This completes the inductive step.
Finally, define a map f¯ :K→Rω letting for an x ∈K
f¯ (x)=
{
f (x), if ε(x)= 0;
hn(x), if x ∈Kn.
Let us show that ‖f¯ (x) − f (x)‖ 6 ε(x) for every x ∈ K . This is trivial if ε(x) = 0. If
x ∈Kn for some n ∈N, then∥∥f¯ (x)− f (x)∥∥= ∥∥hn(x)− f (x)∥∥< 12n+2 < 12n 6 ε(x).
Next, if B ⊂ ε−1(0,1] is a compactum, then B ⊂Kn for some n. By the definition of f¯ ,
we then get f¯ |B = hn|B , where hn is a rigid homeomorphism. 2
The following lemma is crucial in the proof of Main Theorem.
Lemma 7. Let C be a precompact convex set inRω such thatC · [1,∞)⊃Rωf , andC∩Rωf
is dense in C. Let B ⊂K be closed subsets in the closure C of C in Rω, and let f :K→C
be a map such that f (K\B)∩f (B)= ∅ and the restriction f |B is injective. Then for every
ε > 0 there exists an embedding f¯ :K→ C such that
(1) f¯ |B = f |B ;
(2) ‖f¯ − f ‖< ε;
(3) f¯ (K ∩C\B)⊂ C;
(4) f¯ (K\B)⊂ C · [0,1);
(5) f¯−1(E)\B = (K ∩E)\B for every linear set E, Rωf ⊂E ⊂Rω.
First we prove
Lemma 8. Under the conditions of Lemma 7, for every ε > 0 there are a tower ∅ =
K0 ⊂ K1 ⊂ K2 ⊂ · · · of compact subsets with ⋃∞n=1Kn = K\B , an increasing number
sequence k0 < k1 < k2 < · · · with 1/2k0 < 12ε, and a map g :K → Rω with g|B = f |B ,
‖g − f ‖< 12ε, such that for every n ∈N the following conditions are satisfied:
(1) Kn ⊂ IntKn+1;
(2) prkn ◦g(Kn\Kn−3)⊂ C · [0,1);
(3) prkn ◦g(Kn)∩ prkn ◦g(K\ IntKn+1)= ∅;
(4) g|Kn = hn|Kn for some rigid homeomorphism hn of Rω .
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Proof. First we approximate f by a map f ′ :K→ C such that f ′(K\B) is locally finite-
dimensional. This map will be of the form f ′ = ξ ◦ f , where the map ξ :C → C is
constructed as follows.
Using the density of C ∩ Rωf in C, fix a countable subset A⊂ (C · [0,1)) ∩ Rωf \f (B)
that is dense in C\f (B). For every a ∈ A let ε(a) = 13 min{ε,dist(a, f (B))} and let
O(a)= {x ∈ C: ‖x − a‖< ε(a)} be the open ε(a)-ball around a. Evidently, {O(a)}a∈A is
an open cover of the set C\f (B). Let {λa :C\f (B)→ [0,1]}a∈A be a partition of unity
subordinated to this cover. Define a map ξ :C→C letting
ξ(x)=
{
x, if x ∈ f (B);∑
a∈A λa(x)a, if x ∈ C\f (B).
It is standard to check that the map ξ is continuous, ξ |f (B) = id|f (B), ξ(C\f (B))∩f (B)=
∅, ‖ξ − id‖ < 13ε and each point x ∈ C\f (B) has a neighborhood U ⊂ C such that
ξ(U)⊂Rn ∩ (C · [0,1)) for some n ∈N.
Consequently, the composition f ′ = ξ ◦ f has the following properties:
(5) f ′|B = f |B ;
(6) f ′(K\B)∩ f ′(B)= ∅;
(7) ‖f ′ − f ‖6 ‖ξ − id‖< 13ε;
(8) every point x ∈K\B has a neighborhoodU ⊂K such that f ′(U)⊂Rn ∩C · [0,1)
for some n.
Now we construct a tower ∅ = K0 ⊂ K1 ⊂ K2 ⊂ · · · with ⋃∞n=1Kn = K\B and a
number sequence k0 < k1 < k2 < · · · with 2−k0 < 12ε to satisfy for every n > 0 the
conditions
(9n) Kn ⊂ IntKn+1;
(10n) f ′(Kn)⊂Rnk ∩C · [0,1);
(11n) prkn ◦f ′(Kn) ∩ prkn ◦f ′(K\ IntKn+1)= ∅.
Let k0 be such that 2−k0 < 12ε and K1 = {x ∈K: dist(x,B)> 1}. The compactness of
K1 and the property (8) of f ′ guarantee that f ′(K1) ⊂ Rn ∩ C · [0,1) for some n > k0.
Since f ′(B)∩f ′(K1)= ∅, there is k1 > n such that prk1 ◦f ′(B)∩ prk1 ◦f ′(K1)= ∅. Find
a neighborhoodU ⊂Rk1 of prk1 ◦f ′(K1) such that U ∩ prk1 ◦f ′(B)= ∅ and let
K2 = (prk1 ◦f ′)−1(U)∪
{
x ∈K: dist(x,B)> 12
}
.
Evidently the conditions (91)–(111) are satisfied. Continuing in this way, we construct
sequences K1 ⊂K2 ⊂ · · · and k1 < k2 < · · · satisfying (9n)–(11n), n ∈N.
Let ε0 = 16ε and
(12) εn = 13 min
{
dist(prkn ◦f ′(K\ IntKn+1),prkn ◦f ′(Kn)),dist(f ′(Kn+2),Rkn+2\C)
}
for n> 1. Let α :K→[0,1] be a continuous function such that α−1(0)= B and for every
x ∈Kn\Kn−1 α(x) <mini6n+2 εi .
By Lemma 6, there is a map g :K→Rω such that ‖g(x)−f ′(x)‖6 α(x) for any x ∈K ,
and for every n ∈N there is a rigid homeomorphism hn of Rω such that g|Kn = hn|Kn .
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We claim that the map g satisfies the conditions (1)–(4) of Lemma 8. It is necessary to
verify the conditions (2) and (3) only. To show (2), fix n ∈ N and x ∈ Kn\Kn−3. By the
choice of α,
α(x) < εn−2 6 13 dist
(
f ′(Kn),Rkn\C
)
.
By (10n), prkn ◦f ′(x)= f ′(x). Then the inequality ‖g(x)− f ′(x)‖6 α(x) implies∥∥prkn ◦g(x)− f ′(x)∥∥6 α(x) < 13 dist(f ′(Kn),Rkn\C)
and thus prkn ◦g(x) ∈ Int(C∩Rkn)⊂ C · [0,1) (here Int(C∩Rnk ) is the interior of C∩Rkn
in Rkn ). Thus the condition (2) is satisfied.
To show (3), fix n ∈N, x ∈Kn, and y ∈K\ IntKn+1. Find m6 n with x ∈Km\Km−1.
Then by (12),
εm 6 13
∥∥prkm ◦f ′(x)− prkm ◦f ′(y)∥∥.
By the choice of α, α(x) < εm and α(y) < εm. Then∥∥prkn ◦g(x)− prkn ◦g(y)∥∥
>
∥∥prkm ◦g(x)− prkm ◦g(y)∥∥
>
∥∥prkm ◦f ′(x)− prkm ◦f ′(y)∥∥− ∥∥prkm ◦f ′(x)− prkm ◦g(x)∥∥
− ∥∥prkm ◦f ′(y)− prkm ◦g(y)∥∥
> 3εm −
∥∥f ′(x)− g(x)∥∥− ∥∥f ′(y)− g(y)∥∥
> 3εm − α(x)− α(y)> εm > 0.
Thus prkn ◦g(x) 6= prkn ◦g(y) and the condition (3) of Lemma 8 is satisfied. 2
Proof of Lemma 7. Let K0 ⊂ K1 ⊂ K2 ⊂ · · · , k1 < k2 < · · · , and g :K→ Rω be from
Lemma 8. By induction we will construct a sequence of maps gn :K → Rω , n ∈ N,
satisfying the conditions
(1n) gn(Kn)⊂ C · [0,1), gn(Kn ∩C)⊂ C · [0,1);
(2n) gn|K\IntKn+1 = gn−1|K\IntKn+1 ;
(3n) gn|Kn−2 = gn−1|Kn−2 ;
(4n) gn(x) ∈ [prkn+1 ◦gn−1(x), gn−1(x)] for each x ∈K;
(5n) g(B) ∩ gn(Kn−1)= ∅;
(6n) for every m ∈N there exists a rigid homeomorphism h of Rω with gn|Km = h|Km .
Let g0 = g and assume that the maps g0, . . . , gn−1 have been constructed. The map
gn :K→Rω will be of the form gn =H ◦ gn−1 for a rigid homeomorphism
H(x)= prkn+1(x)+ α ◦ prkn+1(x)
(
x − prkn+1(x)
)
,
where α :Rkn+1 → (0,1] is a suitable function. Obviously that taking α(x) = 1 for
x ∈ prkn+1 ◦gn−1(Kn−2 ∪ (K\ IntKn+1)) we will satisfy the conditions (2n) and (3n). To
satisfy (1n) we must take α small on the set prkn+1 ◦gn−1(Kn\ IntKn−1). To do this, we
must have
(7) prkn+1 ◦gn−1(Kn\ IntKn−1)∩ prkn+1 ◦gn−1
(
Kn−2 ∪ (K\ IntKn+1)
)= ∅.
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Assume on the contrary that prkn+1 ◦gn−1(x)= prkn+1 ◦gn−1(y) for some x ∈Kn\ IntKn−1
and y ∈Kn−2 ∪ (K\ IntKn+1).
There are two cases: y ∈Km\Km−1 for some m6 n− 2 or y ∈K\ IntKn+1. In the first
case, by (4n−1) and (3n−1) we have
prkm ◦gn−1(x)= prkm ◦gn−2(x)= prkm ◦g(x) and
prkm ◦gn−1(y)= prkm ◦gn−2(y)= prkm ◦g(y).
Then prkm ◦g(x) = prkm ◦g(y) and thus prkm ◦g(Km) ∩ prkm ◦g(K\ IntKm+1) 6= ∅, a
contradiction with the condition (3) of Lemma 8.
Now consider the second case y ∈ K\ IntKn+1. In this case gn−1(y) = g(y). On the
other hand, the conditions (4n−1) and (2n−2) imply prkn ◦gn−1(x) = prkn ◦gn−2(x) =
prkn ◦g(x). Then the assumption prkn+1 ◦gn−1(x)= prkn+1 ◦gn−1(y) implies prkn ◦g(x)=
prkn ◦g(y), a contradiction with the condition (3) of Lemma 8. Thus the intersection (7) is
empty.
Next, we show that
(8) prkn+1 ◦gn−1(Kn\Kn−2)⊂ C · [0,1).
Fix any point x ∈ Kn\Kn−2. In case x ∈ Kn\Kn−1, by (4n−1), (2n−2), and the
condition (2) of Lemma 8, we get
prkn+1 ◦gn−1(x) ∈
[
prkn ◦gn−2(x),prkn+1 ◦gn−2(x)
]
= [prkn ◦g(x),prkn+1 ◦g(x)]⊂ C · [0,1).
If x ∈Kn−1\Kn−2, then by (4n−1), (4n−2), (2n−3), and the condition (2) of Lemma 8, we
get
prkn+1 ◦gn−1(x) ∈ conv
{
prkn+i ◦gn−3(x)
}1
i=−1
= conv{prkn+i ◦g(x)}1i=−1 ⊂ C · [0,1).
Thus the condition (8) holds and we may find 0< δ < 1 such that
(9) prkn+1 ◦gn−1(Kn\ IntKn−1)⊂ (1− δ)C.
By (6n−1), there is a rigid homeomorphism h of Rω such that gn−1|Kn = h|Kn .
Consequently, there exists R > δ such that
(10) gn−1(Kn)⊂ h(C)⊂R ·C and gn−1(Kn ∩C)⊂ h(C)⊂R ·C.
Let α :Rkn+1→[δ/2R,1] be a continuous function such that
(11) α(x)=
{1, if x ∈ prkn+1 ◦gn−1(Kn−2 ∪ (K\ IntKn+1),
δ/2R, if x ∈ prkn+1 ◦gn−1(Kn\ IntKn−1).
Consider the rigid homeomorphismH :Rω→Rω defined for x ∈Rω by
(12) H(x) = prkn+1(x)+ α ◦ prkn+1(x)
(
x − prkn+1(x)
)
= α ◦ prkn+1(x) · x +
(
1− α ◦ prkn+1(x)
)
prkn+1(x).
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We claim that the map gn =H ◦ gn−1 satisfies the conditions (1n)–(6n). Actually, (2n)–
(4n) and (6n) follow directly from (1n−1)–(6n−1) and the definitions of H and gn.
To verify the condition (1n), fix any x ∈ Kn. There are three cases: x ∈ Kn\Kn−1,
x ∈Kn−1\Kn−2, and x ∈Kn−2. In light of (3n) and (1n−1) the last case is trivial.
In case x ∈Kn\Kn−1, according to (9)–(12), we have
gn(x)= δ2Rgn−1(x)+
(
1− δ
2R
)
prkn+1 ◦gn−1(x)
∈ δ
2R
RC + (1− δ)C ⊂
(
1− δ
2
)
C ⊂ C · [0,1).
If x ∈Kn−1\Kn−2, then by (1n−1), (4n), and (8), we get
gn(x) ∈
[
prkn+1 ◦gn−1(x), gn−1(x)
]⊂ C · [0,1).
By analogy, it can be shown that gn(x) ∈ C · [0,1) if x ∈Kn ∩C. Thus the condition (1n)
is satisfied.
Taking into account (3n) and (5n−1), to prove (5n) it is enough to verify that
g(b) 6= gn(x) for every b ∈ B , x ∈ Kn−1\Kn−2. Assuming the converse, we would get
prkn−1 ◦g(b)= prkn−1 ◦gn(x). But by (4i ), n− 26 i 6 n, and (2n−3),
prkn−1 ◦gn(x)= prkn−1 ◦gn−3(x)= prkn−1 ◦g(x),
and thus prkn−1 ◦g(K\ IntKn) ∩ prkn−1 ◦g(Kn−1) 6= ∅, a contradiction with the condi-
tion (3) of Lemma 8. Therefore, the inductive step is complete.
Finally, define a map f¯ :K→Rω by
f¯ (x)=
{
g(x), if x ∈B;
gn+1(x), if x ∈Kn, n> 1.
It follows from (2n), (5n), and (6n), n ∈ N, that the map f¯ is injective. Next, by (4i ),
i > n, we have prkn+2 ◦gi = prkn+2 ◦gn for every i > n. This yields prkn+2 ◦f¯ = prkn+2 ◦gn
is a continuous map. Since Rω has the product topology, it follows that the map f¯
is continuous. Since K is compact, the map f¯ , being continuous and injective, is an
embedding. Evidently, f¯ satisfies the first condition of Lemma 7.
To see that ‖f¯ − f ‖< ε remark that prk2 ◦f¯ = prk2 ◦g0 = prk2 ◦g implies ‖f¯ − g‖ 6
2−k2 < 2−k0 < 12ε. By the choice of the map g, we have ‖f − g‖< 12ε. Then
‖f¯ − f ‖6 ‖f¯ − g‖ + ‖g − f ‖< 12ε+ 12ε = ε.
The conditions (3) and (4) follow from the definition of f¯ and the conditions (1n),
n ∈N.
To verify the condition (5), fix a linear subspace E with Rωf ⊂ E ⊂ Rw . Fix any point
x ∈ K\B . We have to show that x ∈ E if and only if f¯ (x) ∈ E. Find n with x ∈ Kn.
By (5n+1), there is a rigid homeomorphism h of Rω such that h|Kn = gn+1|Kn = f¯ |Kn . By
Lemma 1, h(x) ∈E if and only if x ∈E. Since f¯ (x)= h(x), the condition (5) follows. 2
Lemma 9. Let C be an infinite-dimensional convex precompact subset of a Fréchet space
L having an almost internal point and let K be a closed subset of the closure C of C in
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L such that K ∩ aff(C) = K ∩ C. Let B be a closed subset in K and f :K→ C a map
such that f |B is injective, f (K\B)∩ f (B)= ∅ and f−1(C)∩B = B ∩C. Then for every
ε > 0 there exists an embedding f¯ :K→ C such that
(1) f¯ |B = f |B ;
(2) dist(f¯ , f ) < ε;
(3) f¯ (K\B)⊂ C · [0,1);
(4) f¯−1(C)=K ∩C.
Proof. Because of the compactness of C we may assume that C is a convex compact
subset in a Hilbert space H . Also we can assume that spanC is dense in H and the origin
is an almost internal point for C. It follows that we may select a countable dense subset
A ⊂ C such that for every a ∈ A there exists ε > 0 with −εa ∈ C. Clearly, spanA is a
dense linear subspace in H . Since it has countable algebraic dimension, we may choose
an orthonormal sequence (en)∞n=0 ⊂ spanA such that span{en}∞n=0 = spanA. Clearly, this
sequence forms an orthonormal basis for the Hilbert space H . Let (e∗n)∞n=0 be the sequence
of biorthogonal functionals, corresponding to this basis. Now consider the embedding
e = (e∗n)∞n=0 :C→ Rω assigning to each point c ∈ C the sequence (e∗n(c))∞n=0. Evidently,
e is an affine embedding of the compact set C, so we may identify C with its image e(C)
in Rω. It is easy to see that under this identification, the requirements of Lemma 7 are
satisfied, i.e., C · [1,∞) ⊃ spanA = Rωf and C ∩ Rωf = C ∩ spanA ⊃ A is dense in C.
Thus there exists an embedding f¯ :K→ C satisfying the conditions (1)–(5) of Lemma 7.
We claim that f¯ is as required. We have only to verify that f¯−1(C) = K ∩ C. The
condition (3) of Lemma 7 and the equality f−1(C) ∩ B = B ∩ C imply f¯ (K ∩ C) ⊂ C.
Suppose x ∈K\B is such that f¯ (x) ∈ C. Then f¯ (x) ∈ span(C) and by the fifth condition
of Lemma 7, x ∈K ∩ spanC =K ∩C. This yields f¯−1(C)=K ∩C. 2
Proof of Main Theorem. Suppose C is an infinite-dimensional convex set in a Fréchet
space L, having an almost internal point, and K ⊂ C be a compact subset in the closure C
of C in L such thatK ∩C =K ∩ aff(C). Without loss of generality, the origin is an almost
internal point for C. In this case span(C)= aff(C).
To show that the pair (C,C) is strongly (K,K ∩ C)-universal, fix an open cover U of
C, a closed subset B ⊂ K and a map f :K→ C whose restriction f |B :B→ C is a Z-
embedding with f−1(C)∩B = B ∩C. Find ε > 0 such that any ε-near map to f is U -near
to f . By Lemma 1.1 of [7], the map f may be approximated by a map f ′ :K→ C such
that dist(f,f ′) < 12ε, f
′|B = f |B , and f ′(K\B) ∩ f ′(B)= ∅.
Since the set C is infinite-dimensional, it contains a compact subset Z ⊂ C whose
convex hull is infinite-dimensional. Let {an}∞n=1 ⊂ K ∪ f ′(K) ∪ Z be a countable dense
set. Since the origin is an almost internal point for C, for every n > 1 there are a point
a′n ∈ C and 0 < εn 6 2−n such that dist(an, a′n) < 2−n and −εna′n ∈ C. It can be shown
that the closure A′ = Cl{a′n: n ∈ N} is a compactum containing the set K ∪ f ′(K) ∪ Z.
This implies that the sequence (−εna′n)∞n=1 converges to zero (see [20, I.5.3]), and hence
the set A= {0} ∪ {−εna′n: n ∈ N} is compact. Let D denote the closed convex hull of the
compact setK∪f ′(K)∪Z∪A′ ∪A in the Fréchet space L. According to [20, I.5.2], the set
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D is compact. Moreover, it can be shown that the origin is an almost internal point for the
convex setD =D∩C,D does be the closure ofD, andK ∩aff(D)=K ∩D =K ∩C. By
Lemma 9, there exists an embedding f¯ :K→D such that f¯ |B = f ′|B , dist(f¯ , f ′) < 12ε,
f¯ (K\B)⊂D · [0,1), and f¯−1(D)=K ∩D.
We claim that f¯ :K → D ⊂ C is a required Z-embedding with the properties f¯ |B =
f |B , dist(f¯ , f ) < ε and f¯−1(C) = K ∩ C. Indeed, f¯ |B = f ′|B = f |B , dist(f¯ , f ) 6
dist(f¯ , f ′)+ dist(f ′, f ) < 12ε + 12ε = ε, and f¯−1(C) = f¯−1(D ∩ C) = f¯−1(D) = K ∩
D =K ∩C.
It rests to show that f¯ (K) is a Z-set in C. Fix any map g :Q→ C of the Hilbert
cube and let ε′ > 0. We have to find an ε′-near to g map g¯ :Q → C with g¯(Q) ∩
f¯ (K) = ∅. Since f¯ (B) = f (B) is a Z-set in C, there is a map g′ :Q → C such
that dist(g, g′) < 12ε
′ and g′(Q) ∩ f¯ (B) = ∅. Let ε1 = 12 min{ε′,dist(g′(Q), f¯ (B))} and
K1 = {x ∈ K: dist(f¯ (x), f¯ (B)) > ε1}. It is easy to see that any map g¯ :Q→ C with
dist(g¯, g′) < ε1 and g¯(Q)∩ f¯ (K1)= ∅ will satisfy dist(g¯, g) < ε′ and g¯(Q)∩ f¯ (K)= ∅.
Repeating the above arguments, we may find sequences {bn}∞n=1 ⊂ C and (δn)∞n=1 such
that 0 < δn < 2−n, −δnbn ∈ C for every n, and the closure F = Cl{bn: n ∈ N} of the set
{bn: n ∈N} in C is a compactum containing the setD∪g′(Q). Then the closed convex hull
D1 of the compact set {0} ∪ {−δnbn: n ∈ N} ∪ Cl{bn: n ∈ N} has the origin as an almost
internal point. By Propositions 4.4 and 4.2 of [5, V.§4], f¯ (K1)⊂ D · [0,1)⊂ D1 · [0,1)
is a Z-set in D1. Consequently, we may find a map g¯ :Q→D1 such that dist(g¯, g′) < ε1
and g¯(Q)∩ f¯ (K1)= ∅. As we remarked this yields g¯(Q)∩ f¯ (K)= ∅ and dist(g¯, g) < ε′.
Thus f¯ (K) is a Z-set in C and the first statement of Main Theorem is proven.
Now we show that the space C is strongly K ∩C-universal. This trivially follows from
the strong (K,K ∩ C)-universality of the pair (C,C) if K = C. So assume K ∩ C 6= C.
Since K ⊂ C and K ∩ aff(C)=K ∩ C, we get C 6⊂ aff(C). Then by [3, 5.2.6], the space
C satisfies SDAP. Since C is homotopy dense in C, by [3, 1.7.9], the strong (K,K ∩ C)-
universality of the pair (C,C) implies the strong K ∩C-universality of the space C. 2
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